If C p (X) is jointly metrizable on compacta, then p(X) ≤ ω but ω 1 need not be a caliber of X. If X is either submetrizable or a P -space, then C p (C p (X)) is jointly metrizable on compacta and, in particular, all compact subsets of C p (C p (X)) are metrizable. We show that for any dyadic compact X, the space C p (X) is jointly metrizable on compacta. Therefore, the JCM property of C p (X) for a compact space X does not imply that X is separable. If X is a compact space of countable tightness and C p (X) is jointly metrizable on compacta, then it is independent of ZFC whether X must be separable.
Introduction
A space X is jointly metrizable on compacta (or JCM space) if there exists a metric d on X such that the topology generated by d restricted to K coincides with the subspace topology on K whenever K is a compact subspace of X. The JCM property was introduced by Arhangel'skii and Al Shumrani in [4] and studied systematically in the papers [5] [6] [7] . Since every submetrizable space is JCM, this notion generalizes the concept of submetrizability.
It was proved in [4] that joint metrizability on compacta coincides with submetrizability in the class of k-spaces, and is invariant under the operation of taking subspaces and countable products. In the paper [6] it was established that a Lindelöf Σ-space with the JCM property has a countable network. This paper is inspired by two questions from [7] where the authors ask when a space C p (X) is jointly metrizable on compacta and whether JCM property of C p (X) implies separability of X for a compact space X. Since C p (X) is submetrizable if and only if X is separable, the main line of research in this topic is to find out in which cases the JCM property of C p (X) implies some kind of separability of X.
We show that if C p (X) is a JCM space, then p(X) = ω, i.e., every point-finite family of non-empty open subsets of X is countable and, in particular, X has the Souslin property. However, the JCM property of C p (X) need not imply that ω 1 is a caliber of X even in the case of a countably compact space X. The situation is more subtle in the cases of compact spaces. It turns out that it is independent of ZFC whether the JCM property of C p (X) implies that ω 1 is a caliber of X if X is compact. Besides, we prove that if X is a dyadic compact space, then C p (X) is jointly metrizable on compacta. Since dyadic compact spaces need not be separable, this answers Problem 4.12 of the paper [7] in the negative.
Every space C p (X) has the Souslin property, so it is natural to study for what spaces X, the space C p (C p (X)) has the JCM property. Since X embeds in C p (C p (X)), the JCM property of C p (C p (X)) implies the JCM property of X; in particular, if X is a non-metrizable compact space, then C p (C p (X)) is not jointly metrizable on compacta. However, we establish that C p (C p (X)) has the JCM property if X is either submetrizable or a P -space. In particular, the compact subspaces of C p (C p (X)) are metrizable for both submetrizable and P -spaces X. It is worth noting that C p (C p (X)) is submetrizable only if C p (X) is separable so the above-mentioned facts provide plenty of examples of spaces C p (C p (X)) which are JCM but not submetrizable.
Notation and terminology
All spaces are assumed to be Tychonoff. Given a space X, the family τ (X) is its topology, τ * (X) = τ (X)\{∅}. The set R is the real line with its usual topology and N = {1, 2, . . .} ⊂ R. We denote by D the set {0, 1} with the discrete topology. A map f : X → Y is called condensation if it is a continuous bijection; in this case we say that X condenses onto Y . Say that X is submetrizable if X condenses onto a metrizable space. A space X is Fréchet-Urysohn, if for any A ⊂ X and x ∈ A there exists a sequence {a n : n ∈ ω} ⊂ A such that a n → x. The space X is sequential if for any non-closed A ⊂ X we can find a sequence {a n : n ∈ ω} ⊂ A with a n → x for some point x ∈ X\A.
The weight w(X) of a space X is the minimum cardinality of a base in X. The cardinal c(X) = sup{|U| : U ⊂ τ * (X) and U is disjoint} is called the Souslin number of X. We will also need the cardinal p(X) = sup{|U| : U ⊂ τ * (X) and U is point-finite} which is called the point-finite cellularity of X. It is said that ω 1 is a caliber of a space X if every point-countable family of non-empty open subsets of X is countable. Given a space X and x ∈ X, let t(x, X) = min{κ : for any set A ⊂ X with x ∈ A there exists a set B ⊂ A such that |B| ≤ κ and x ∈ B}. The cardinal t(X) = sup{t(x, X) : x ∈ X} is called the tightness of the space X. A family A is a network with respect to a family C of subsets of X if for any C ∈ C and U ∈ τ (C, X) there exists a set A ∈ A such that C ⊂ A ⊂ U . If N is a network in X with respect to the family {{x} : x ∈ X}, then N is called a network in X. The spaces with a countable network are called cosmic. Say that X is a Lindelöf Σ-space (or has the Lindelöf Σ-property) if it has a countable network with respect to a compact cover of X.
A map f : X → Y is called ω-continuous if f |A is continuous whenever A ⊂ X is countable. For any space X we denote by υX the Hewitt realcompactification of X and βX is the Stone-Čech compactification of X.
A space K is dyadic if there exists a cardinal κ such that K is a continuous image of D κ . For any spaces X and Y , the set C(X, Y ) consists of continuous functions from X to Y ; if it has the topology induced from Y X , then the respective space is denoted by C p (X, Y ). We write C(X) instead of C(X, R) and
Say that a compact space X is Corson compact if it embeds in Σ(A) for some A. A compact space X is Gul'ko compact if C p (X) has the Lindelöf Σ-property. If X is a compact space such that C p (X) has a dense σ-compact subspace, then X is called Eberlein compact.
The rest of our topological notation is standard and follows the book [8] . For unreferenced notions of C p -theory consult the books [3, 12, 13] .
3. JCM property of C p (X) vs separability of X If X is separable, then C p (X) condenses onto a second countable space and, in particular, C p (X) has the JCM property. We will see that the converse is not true even for compact spaces X so we will try to find conditions on X under which the JCM property of C p (X) implies some kind of separability of X.
Proposition. For any space X, if C p (X) is jointly metrizable on compacta, then p(X) ≤ ω and hence X has the Souslin property.
Proof. Recall that p(X) = sup{|K| : K ⊂ C p (X) and K is homeomorphic to the one-point compactification of a discrete space} (see Problem 178 of [12] ). Since all compact subsets of C p (X) are metrizable, all onepoint compactifications of discrete spaces embeddable in C p (X) must be countable so p(X) ≤ ω. 2 3.2 Example. There exists a space X such that C p (X) is JCM while ω 1 is not a caliber of X.
It is evident that if a space X condenses onto a JCM space, then X is also JCM. The following proposition strengthens this fact.
Proposition. Suppose that X and Y are spaces and f
Proof. Take a metric ρ on the set Y which witnesses that Y is a JCM space and let d(x, y) = ρ(f (x), f (y)) for any x, y ∈ X. It is clear that d is a metric on X. To see that d metrizes all compact subspaces of X, fix a compact set K ⊂ X and observe that for any countable set A ⊂ K, the map f |A : A → f (A) is a homeomorphism being continuous and bijective. It follows from ω-continuity of the map f that the space L = f (K) is ω-bounded, i.e., the closure of any countable subset of L is compact (see Proposition 2.7 of [11] ). Therefore L is a countably compact subset of the space Y and ρ metrizes all countable subsets of L; applying [7, Proposition 1.11], we conclude that ρ metrizes L so the set K is metrizable by Proposition 2.8 of [11] and f |K : K → L is a homeomorphism. This shows that K is metrized by d. 2
Since JCM property is hereditary, Z is a JCM space and therefore C p (X) is JCM by Proposition 3.3. Proof. The space Y is a continuous image of Z = {Y n : n ∈ ω}; since the JCM property is preserved by countable products (see [ Proof. If C p (X) is jointly metrizable on compact sets, then so is C p (υX) because X is dense in υX (see Corollary 3.4). Now, if C p (υX) is JCM, then letting π : C p (υX) → C p (X) be the restriction map, we can see that π is a bijection and the map f = π The following easy lemma is useful when we want to establish that a space has the JCM property. 
Then C p (X) is jointly metrizable on compacta.
Proof. Observe first that each cozero subset of the space X belongs to A and hence every f ∈ C(X) is measurable with respect to μ. Therefore the function d(f, g) = |f − g|dμ is well-defined. Here the integral is taken in the sense of Lebesgue. 
It is trivial that d(f, g) ≥ 0 and d(f, g) = d(g, f ) for any f, g ∈ C(X). The triangle inequality easily follows from the fact that |f −h| ≤ |f −g| +|g −h| for any f, g, h ∈ C(X). If f, g ∈ C(X)
It follows from g n → g that the sequence S = {|f − g n | : n ∈ ω} converges pointwise to the function |f − g|. Since all elements of S are bounded by the constant function equal to 1 at all points of X which is integrable because μ(X) = 1, we can apply Lebesgue's Dominated Convergence Theorem to see that
). Therefore the metric d is separately continuous on K so it metrizes K by Lemma 3.10. Finally note that d is also a metric on C p (X, (0, 1)) which metrizes all compact subsets of C p (X, (0, 1)); since C p (X, (0, 1) ) is homeomorphic to C p (X), the space C p (X) has the JCM property. 2
The following corollary solves Problem 4.12 from the paper [7] . Proof. Note first that, for any cardinal κ, the compact space D κ has a measure μ with the properties (a)- (c) of Theorem 3.11. To see this, define a measure ν on D by equalities ν({0}) = ν({1}) = 1 2 and let μ be the product of κ-many measure spaces (D, ν) (see Section 38 of the book [9] ). By Theorem 3.11, the space C p (D κ ) has the JCM property. Finally, if X is a dyadic compact space, then X is a continuous image of
is also a JCM space. 2
Corollary. If X is a space such that υX is a dyadic compact space, then C p (X) is jointly metrizable on compacta.
Proof. Apply Corollaries 3.12 and 3.7. 2 3.14 Proposition. If X is a Gul'ko compact space and C p (X) has the JCM property, then X is metrizable.
Proof. This is true simply because all compact subsets of C p (X) are metrizable so c(X) = sup{w(K) : Proof. Under CH, Kunen constructed in [10] an example of a non-separable hereditarily Lindelöf compact zero-dimensional space K with a measure that satisfies the conditions (a)-(c) of Theorem 3.11. Now apply Theorem 3.2.4 of [1] to see that there exists an irreducible map f :
is not separable and hence ω 1 is not a caliber of X by Problem 287 of [13] . However, C p (X) is a JCM space because it embeds in C p (K) which is a JCM space by Theorem 3.11. 2 3.18 Corollary. It is independent of ZFC whether for any compact space X, the JCM property of C p (X) implies that ω 1 is a caliber of X.
3.19 Corollary. It is independent of ZFC whether for any compact space X of countable tightness, the JCM property of C p (X) implies separability of X.
3.20 Proposition. Suppose that X is a compact space such that C p (X) has the JCM property.
Proof. To see that (a) is true observe that the inequality |X| ≤ 2 and 3.12 we convince ourselves that C p (X) is a JCM space. 2 3.22 Definition. Say that a space X is predyadic if X is a continuous image of a pseudocompact dense subset of a product of second countable compact spaces.
3.23 Proposition. If X is predyadic, then βX = υX is a dyadic space and C p (X) has the JCM property.
Proof. The space X is a continuous image of a pseudocompact space Y dense in a product M = t∈T M t where every M t is a metrizable compact space. It is standard that βY = M and the space M is dyadic. Since βX = υX is a continuous image of M , the space βX also has to be dyadic. It follows from Corollary 3.12 and Corollary 3.7 that C p (X) is a JCM space. 2
Proposition. The class of predyadic spaces is invariant under continuous images and arbitrary products.
Proof. It is evident that any continuous image of a predyadic space is predyadic. Now, if Y t is predyadic, then Y t is a continuous image of a pseudocompact subspace X t of a product P t = {M t s : s ∈ S t } in which M t s is compact and metrizable for all t ∈ T and s ∈ S t . It is clear that X = t∈T X t is a dense subspace of the product P = t∈T P t and P is also a product of second countable compact spaces. The set X t being pseudocompact, it covers all countable faces of the product P t for all t ∈ T . This easily implies that X covers all countable faces in the product P so X is pseudocompact as well. Proof. Apply Proposition 3.24 to see that the property of being σ-predyadic is preserved by countable unions, continuous images and finite products. Therefore the algebra A(F ) generated by F is also a σ-predyadic subspace of C p (X). It is an easy consequence of the Stone-Weierstrass theorem that A(F ) is dense in C p (X) so Corollary 3.25 applies to convince ourselves that C p (C p (X)) is a JCM space. 2 3.27 Theorem. If X is a submetrizable space, then C p C p (X) is jointly metrizable on compacta.
It is easy to see that the map ϕ * has the following property:
(1) if a set F ⊂ C p (M ) separates the points of M , then ϕ * (F ) separates the points of X.
Take a base B = {B n : n ∈ ω} in the space M such that every B n is a discrete family and let {U n t : t ∈ T n } be a faithful indexation of B n for every n ∈ ω. Fix a point x n t ∈ U n t and a continuous map b
T n and the map h : K n → C p (M ) is continuous (see [13, T.132, Fact 5] ). If L n = h(K n ) for every n ∈ ω, then L = n∈ω L n is a σ-dyadic subspace of C p (M ).
It is standard to verify that L separates the points of M so L = ϕ * (L) separates the points of X by (1);
since L is also σ-dyadic, we can apply Corollary 3.26 to see that C p (C p (X)) is a JCM space. 2 3.28 Observation. It is worth noting that C p (C p (X)) need not be submetrizable for a submetrizable space X because submetrizability of C p (C p (X)) implies its countable pseudocharacter and hence separability of C p (X). Therefore, if M is a metrizable space with |M | > c, then C p (C p (M )) is not submetrizable. Besides, the same example shows that the JCM property of C p (C p (X)) does not imply separability of C p (X).
3.29 Corollary. For any cardinal κ, the space C p (R κ ) has the JCM property.
A space X is called b-discrete if every countable subspace of X is closed and C * -embedded in X.
3.30 Theorem. If X is a b-discrete space, then C p C p (X) is jointly metrizable on compacta.
Proof. The space Y = C p (X, [0, 1]) is pseudocompact and dense in [0, 1] X (see Problem 398 of [12] ). Therefore Y is a predyadic subspace of C p (X) that separates the points of X. Applying Corollary 3.26, we conclude that C p (C p (X)) is a JCM space. 2
Recall that X is a P -space if every G δ -subset of X is open in X. It is easy to see that P -spaces are b-discrete so we have the following fact.
3.31 Corollary. If X is a P -space, then C p (C p (X)) has the JCM property.
Even the following simple corollary of Theorem 3.30 seems to be new.
3.32 Corollary. If X is a b-discrete space, then all compact subsets of the space C p (C p (X)) are metrizable.
